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ABSTRACT: A general equation of molecular weight distribution has been derived for free-radical polymer
modification with cross-linking. The equation takes into account chain-length-dependent diffusion-
controlled radical termination. It reduces to Saito’s equation when the termination becomes chain-length
independent. A simple three-parameter chain-length-dependence function is employed. Calculations of
molecular weight development, gel point, and gel/sol fraction for both polymer and radical populations
have been made numerically with a uniform initial distribution. It has been shown that the chain-
length-dependent termination has a strong effect on the molecular weight development and gelation
behavior. It causes significant deviation from the well-studied random process of cross-linking. It delays
gel point but accelerates gel growth.

Introduction

Polymer modification allows the conversion of com-
modity polymers to value-added specialty polymers.
Such chemical modifications include grafting, chain
scission, branching, and cross-linking and are often
implemented via free-radical mechanisms during reac-
tive processing.1,2 A typical example, which has recently
attracted considerable attention, is the system of poly-
olefin/peroxide. Peroxide as a radical initiator is mixed
with the polymer. At an elevated temperature, the
peroxide molecules are decomposed into primary radi-
cals. These primary radicals have sufficient energy to
abstract hydrogen atoms from polymer backbones and
thus generate backbone radicals. The backbone radicals
may undergo â-scission, which breaks the polymer chain
into two segments. Two polymer radicals may also
recombine with each other, which results in branching.
Continuous branching eventually leads to cross-link-
ing: the formation of a gel molecule. A gel molecule is
a three-dimensional polymer network that has an
infinitely large molecular weight, as defined by
Carothers.3 It is not soluble no matter how good the
solvent is but may be swellable. In the presence of
coagents, the backbone radicals may react with the
coagent molecules to cause grafting.
The formation of polymer network is an important

feature in the free-radical polymer modifications, par-
ticularly for polyethylenes. In almost all of the com-
mercial exercises, the level of cross-linking must be
carefully controlled. An excessive amount of cross-
linking may cause inferior product properties and/or
damage to equipment during processing. There are also
many other cases in which cross-linking is absolutely
unwanted and should be prevented by chemical means.
No matter whether cross-linking is desirable or not, it
is essential to understand the molecular processes
involved in polymer network formation in order to have
good control over the polymer properties. To this end,
many gelation models have been developed following the
pioneering work of Flory4 and Stockmayer.5,6 Among
many others, the elegant formulation of Saito7,8 is most

useful for predicting molecular weight distribution for
a polymer undergoing random cross-linking. Saito’s
equation was originally derived for polymer modifica-
tions by high-energy radiation. The change in molec-
ular weight distribution is a function of the degree of
cross-linking, which can be further related to radiation
dosage. Saito’s equation is also applicable to peroxide-
initiated polymer modifications. In such cases, the
degree of cross-linking should be related to the peroxide
concentration and chemical reactivity.
An important assumption involved in the derivation

of Saito’s equation, as well as in all others, is that the
rate of radical termination is chain-length independent.
The event of cross-linking requires combination termi-
nation of two backbone radicals. The molecular pro-
cesses involved in this reaction are very complex,
generally consisting of three definable steps.9 First, two
radical molecules migrate together via translational
diffusion and then the radical centers reorient by
segmental diffusion. Finally, they overcome the chemi-
cal activation barrier and react. Activation energies for
radical-radical reactions are usually very small. The
termination reaction is therefore always diffusion-
controlled, particularly for the modifications carried out
in polymer melts where polymer chains are severely
entangled with one another. The rate-determining step
is either translational diffusion or segmental diffusion
of the polymer chains. It is well-known that the
diffusivity of a polymer chain strongly depends on its
chain length. The rate of radical termination is there-
fore inherently chain-length dependent.
The chain-length-dependent termination has been a

matter of study for over three decades.10 Many func-
tions have been proposed to relate the termination rate
constant to reacting polymer chain lengths.11-16 How-
ever, those investigations exclusively focused on free-
radical polymerization systems with linear chains.
Their objective was to provide a mechanistic explanation
for the Trommsdoff17 or “gel” effectsan autoacceleration
in polymerization rate at intermediate monomer con-
versions caused by diffusion-controlled radical termina-
tion.
The effect of chain-length-dependent termination on

free-radical polymer modification with cross-linking has
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not been examined. Does the dependence affect the
molecular weight development and gelation behavior of
the cross-linking system? If so, how significant is the
effect? Answers to these questions are of fundamental
importance and serve as the objective of this paper.

Theory
The polymer modification system to be considered in

this work includes the following elementary reactions,

where R0 represents the molar concentration of primary
radicals, which are generated by thermal decomposition
of initiator molecules (mostly peroxides); Pr is the
concentration of polymer chains having r monomeric
units (r g 1); Rr and Rs are the concentrations of radical
chains having r and s units; Pg and Rg represent the
monomeric units and radical centers that belong to a
gel molecule. It should be noted that the number of
hydrogen (or any other abstractable atoms) associated
with a polymer chain Pr is proportional to its chain
length r, and therefore, the rate constant of a primary
radical abstracting atoms from the polymer Pr is rKha
in reaction 1. Kt(r,s) is the rate constant of termination
by combination between two radical species having
chain lengths r and s, respectively.
Reaction 2 offers a mechanism for joining two complex

molecules together. According to Flory,18 such a reac-
tion is essential to yield circuitous connections within
the chain structure. It is therefore responsible for
polymer network formation. It is well-known that this
system is capable of gelling if the termination rate
constant,Kt, is chain-length independent, and numerous
papers19-22 have been published to report its gelation
performance. In this work, we introduce a chain-length-
dependence function to the scheme and investigate its
effect on the molecular weight development and gelation
behavior of the same system. Comparisons will be made
to the well-established chain-length-independent re-
sults.
An effective starting point to develop a kinetic model

is to constitute population balance equations for indi-
vidual reactant species. The population balance equa-
tions for R0 and Pr are

dRr

dt
) KhaR0rPr - [∑

s)1

∞

Kt(r,s)Rs + Kt(r,∞)Y0
g]Rr (3)

dPr

dt
)
1

2
∑
s)1

r-1

Kt(s,r-s)RsRr-s - KhaR0rPr (4)

where t is the reaction time; Y0
g is the concentration of

radicals associated with a gel molecule; Kt(r,∞) is the
termination rate constant between a sol radical Rr and
a gel radical (note: a gel molecule has an infinitely large

molecular weight). The factor 1/2 in (4) accounts for
double counting of the termination events due to the
symmetry of Kt(s,r-s)RsRr-s.

Let us define the following parameters: radical
number fraction,

φr ) Rr/Y0 (5)

polymer weight fraction,

w(r) ) rPr/Q1 (6)

where Y0 and Q1 are the total concentrations of radicals
and monomeric units, and the latter remains constant
during the course of polymer modification. It is obvious
that the radical and polymer gel/sol fractions can be
calculated using

y0
s ) 1 - y0

g ) ∑
r)1

∞

φr (7)

ws ) 1 - wg ) ∑
r)1

∞

w(r) (8)

Keep in mind that y0
g and y0

s are the number fractions
of radicals associated with gel and sol molecules while
wg and ws are the weight fractions of polymer chains
that belong to gel and sol populations, respectively.

According to Smoluchowski,23 the rate constant of a
bimolecular reaction is proportional to the pairwise
mutual diffusion coefficient. For the case of center-of-
mass diffusion, the mutual diffusion coefficient equals
the sum of the self-diffusion coefficients of the two
individual reactants, i.e.,

Kt(r,s) ∝ Dr,s ) Dr + Ds (9)

Although the Smoluchowski equation was originally
proposed for reactions involving small molecules, the
same relationship has long been assumed for macro-
molecules with some modification. In this work, we
propose the following function for the chain-length-
dependent termination rate constant,

Kt(r,s) ) Kt[ε(r) + ε(s)
2

+ ε0] (10)

The first term on the right-hand side represents the
termination probability contributed by center-of-mass
diffusions of the two radical species. The second term
provides a residue termination caused by segmental
reorientation of the radical chains. In the presence of
a vinyl monomer, this term encompasses the residual
termination contributed by propagation-diffusion10,16.

Substituting eq 10 into eq 3 yields

dRr

dt
)

KhaR0rPr - 1
2
[ε(r) + y0

s,ε + ε(∞)y0
g + 2ε0]KtY0Rr (11)

where

y0
s,ε ) ∑

r)1

∞

ε(r)φr (12)

The mass balance of total radical concentration follows

hydrogen abstraction

R0 + (Pr

Pg )98
rKha (Rr

Rg ) (1)

radical termination by combination

Rr + Rs98
Kt(r,s)

Pr+s

Rr + Rg98
Kt(r,∞)

Pg (2)

Rg + Rg98
Kt(∞,∞)

Pg
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dY0

dt
) KhaR0Q1 - [∑

r)1

∞

∑
s)1

∞

Kt(r,s)RrRs +

2∑
r)1

∞

Kt(r,∞)RrY0
g + Kt(∞,∞)Y0

gY0
g]

) KhaR0Q1 - [y0
s,ε + ε(∞)y0

g + ε0]KtY0Y0 (13)

Introducing the stationary-state hypothesis into eqs 11
and 13, i.e., dY0/dt≈ 0 and dRr/dt≈ 0, and then dividing
eq 11 by eq 13 yields

φr )
y0
s,ε + ε(∞)y0

g + ε0

1
2
[ε(r) + y0

s,ε + ε(∞)y0
g + 2ε0]

w(r) (14)

For convenience of discussion, it is preferable to use
the density of cross-linkages x as an independent
variable instead of time t. The development of the
density of cross-linkages can be followed during the
course of polymer modification with cross-linking by

dxQ1

dt
) 1
2
KhaR0Q1 ) 1

2
KtY0Y0[y0

s,ε + ε(∞)y0
g + ε0] (15)

Substituting eq 10 into eq 4 and dividing by eq 15 yields

1

r

dw(r)

dx
) -2w(r) +

1

2
∑
s)1

r-1ε(s) + ε(r - s) + 2ε0

y0
s,ε + ε(∞)y0

g + ε0

φsφr-s

(16)

In principle, eqs 16, 14, 12, 8, and 7 can be used solved
simultaneously for changes of weight fraction distribu-
tion of sol polymers w(r), number fraction distribution
of sol radicals φr, weight fraction of gel polymers wg, and
number fraction of gel radicals y0

g, with respect to the
density of cross-linkages x, provided the chain-length-
dependence function ε is given. Other chain properties
of interest include the following chain length averages
for both polymer and radical populations,

rjN ) ∑
r)1

∞

w(r)/∑
r)1

∞ w(r)

r
rjW ) ∑

r)1

∞

rw(r)/∑
r)1

∞

w(r)

rjZ ) ∑
r)1

∞

r2w(r)/∑
r)1

∞

rw(r)

rjN
• ) ∑

r)1

∞

rφr/∑
r)1

∞

φr rjW
• ) ∑

r)1

∞

r2φr/∑
r)1

∞

rφr (17)

It should be pointed out that many assumptions are
employed in derivation of the present theory. Major
assumptions include the following: (1) monoradical
assumption, i.e., no polymer molecules are allowed to
have more than one radical center with an individual
chain bearing either one radical center or no radical at
all; (2) the stationary-state hypothesis, which suggests
that for individual polymer species the rate of genera-
tion is approximately equal to that of consumption; (3)
random atom abstraction, i.e., atoms on monomeric
units have equal probability to be abstracted regardless
of their location in a polymer chain; and (4) no chain
cyclization. Since a gel molecule has an infinitely large
molecular weight, intuitively it is likely to have many
radical centers attached onto its structure. Such polyrad-
ical chains may also be present prior to the gel point.
Justification and/or clarification of the first two as-
sumptions has recently been carried out for polymeri-
zation24,25 and polymer modification systems.26 It has
been found that the errors introduced by the simulta-

neous use of the monoradical assumption and station-
ary-state hypothesis are minor for random polymer
gelation calculation.

Results and Discussion
Chain-Length-Independent Termination. When

the termination becomes chain-length independent, i.e.,
ε(r) ) ε(∞) ) 1 and ε0 ) 0, the following relationships
exist: y0

s,ε ) y0
s, φr ) w(r), and as a result, y0

g ) wg, rjN
• )

rjW, and rjW
• ) rjZ. Equation 16 also reduces to Saito’s

equation7,8

1
r
dw(r)
dx

) -2w(r) + ∫0rw(s)w(r - s) ds (18)

(note: the number of monomeric units r is treated as a
continuous variable in eq 18). The condition of chain-
length-independent termination indicates a random
process of cross-linking. The process of random cross-
linking has been studied for over a half-century since
the pioneering work of Flory4 and Stockmayer.5,6 Equa-
tion 18 has been solved analytically for a uniform initial
distribution27

w(r) )
(2xr)r-1e-2xr

r!
(19)

with the initial chain length chosen to be unity, and for
a random initial distribution28,29

w(r) ) τ2re-(τ+2x)r∑
n)0

∞ (2x)nτ2nr3n

(n + 1)!(2n + 1)!
(20)

where τ is the reciprocal of the number-average chain
length of primary polymer chains. The chain-length-
dependent termination inevitably causes departure of
the gelation behavior from the random process. In this
work, the results of Saito’s equation provide a basis for
comparisons.
Chain-Length-Dependence Function. Although

polymer diffusion in melts and solutions has received a
deal of great attention for a long time, our knowledge
is still rather rudimentary due to the complication of
chain overlap and entanglement. Depending on poly-
mer concentration and molecular weight, there may
exist many regimes.30 The diffusion behavior of polymer
chains in each regime can be very complex and different,
particularly when chain-length dependence is con-
sidered.31-35 To remain general, we use the following
two-parameter chain-length-dependence function in this
work,

ε(r) ) 1 r e rc

ε(r) ) (rc/r)
R r > rc (21)

where rc is a critical chain length above which a polymer
chain starts to experience difficulty in diffusion; R is a
nonnegative exponential factor, and thus, ε(∞) ) 0. The
value of R depends on polymer concentration, e.g., 0.6
at an infinite dilution,36 1 when the “screening” effect
due to chain interaction is taken into account,37 2
according to the famous de Gennes reptation theory,38
and 2.5 as derived by Bueche, who focused on the
entanglement effect.39
Substituting eq 21 into eqs 14 and 16 finally results

in

φr )
y0
s,ε + ε0

ε(r) + y0
s,ε + 2ε0

2w(r) (22)

and

458 Zhu Macromolecules, Vol. 29, No. 1, 1996



1

r

dw(r)

dx
) -2w(r) +

1

2
∑
s)1

r-1ε(s) + ε(r - s) + 2ε0

y0
s,ε + ε0

φsφr-s

(23)

Substituting eq 22 into 12 yields

f(y0
s,ε) ) 2∑

r)1

∞ ε(r)w(r)

ε(r) + y0
s,ε + 2ε0

-
y0
s,ε

y0
s,ε + ε0

) 0 (24)

which can be solved for y0
s,ε to assure a closed form of

eqs 22 and 23.
Equations 22-24 can be solved numerically to obtain

the polymer and radical distributions. However, with
an arbitrary initial distribution, the assignment is very
laborious because of the large number of r, particularly
when the system approaches the gel point. An exami-
nation reveals that, for the case of a uniform initial
distribution, these equations are still applicable if the
physical meanings of the parameters are changed as
follows: the chain lengths r and s become the numbers
of primary chains associated with a polymer molecule,
and x becomes the number of cross-linkages per primary
chain instead of per monomeric unit. In so doing, the
number of differential equations is significantly reduced.
Let us use the initial chain length 103 to illustrate this
point. The possible chain lengths of polymer are 1 ×
103, 2 × 103, 3 × 103, 4 × 103, ...; the chain length of
103 becomes a “basic unit”. It is therefore necessary to
solve only 103 differential equations to follow polymer
species with chain length up to 106. The assignment
then becomes tractable. In contrast, it requires 106
equations to carry out the same task for an arbitrary
initial distribution. It should also be pointed out that
this argument does not alter the numerical results if
the physical meanings of the parameters remain the
same but the initial chain length is chosen to be unity.
In this work, the differential equations, eq 23, were

solved by Gear’s method and eq 24 was solved by
Newton’s method.40 Comparisons were made between
the numerical solution of eq 18 and the corresponding
analytical solution of eq 19. Errors were found to be
negligible provided the number of differential equations
was over 500.
MolecularWeight Development. Figure 1A shows

the development of weight-fraction molecular weight
distribution of sol polymers. The dotted lines are the
results of Saito’s equation of random cross-linking, eq
18 or 19, which does not consider chain-length-depend-
ent termination. The weight fraction has a monotonous
relationship with the chain length. The solid lines are
calculated using eqs 21-24, which take into account the
effect of chain-length-dependent termination. These
curves exhibit a different distribution shape. The
fractions of low chain lengths become smaller due to
higher termination rates of these shorter chains. The
differences between the solid and dotted curves become
more severe with an increase in the density of cross-
linkages. At the condition of x ) 0.5, the dotted line
intends to diverge indicating the gel point; however, the
solid line still appears to have a finite upper limit.
Figure 1B shows the number-fraction molecular weight

distribution of sol radicals under the same condition.
Recall that the radical number fraction equals the
polymer weight fraction if the termination is chain-
length independent. The dotted lines in Figure 1B are
therefore identical to those in Figure 1A. The features
exhibited by the polymer weight-fraction distribution in
Figure 1A become more profound for the radical number-

fraction distribution when the chain-length-dependent
termination is introduced. The fraction of the primary
chains (r ) 1) having radical centers is much lower than
that without radicals. This reflects the nature of a free-
radical polymer modification system: the radical popu-
lation, though very small, is more dynamic and instan-
taneous than the large polymer population.
Figure 2A shows the development of the leading

average chain lengths of sol polymers. It is well-known
that the weight-average chain length as well as other
average chain lengths of higher order (z, z + 1, etc.)
diverge when the reaction system approaches the gel
point, while the number-average chain length remains
finite. With the chain-length-dependent termination,
the average chain length profile shifts toward a higher
density of cross-linkage. In the postgel regime, the
decline of the chain lengths appears to be more drastic.
In the radical population as shown in Figure 2B, the
number-average chain length also diverges at the gel
point. In a random cross-linking system, the number-
average chain length of radical chains equals the
weight-average of polymers; the weight-average of
radicals equals the z-average of polymers; and so on.
The radical population is always 1 order higher than
that of polymers. The chain-length-dependent termina-
tion increases these differences, i.e., rjN

• > rjW, rjW
• > rjZ, ...

Gel Point. It is well established that the density of
cross-linkage at the gel point xgel, equals 0.5 for a
random cross-linking system.4-8 In the case of a
uniform initial distribution, each primary chain on

A

B

Figure 1. Change in molecular weight distribution during
free-radical polymer modification with cross-linking: (A)
weight fraction of polymer population, w(r), and (B) number
fraction of radical population, φr. Initial distribution is given
by the uniform distribution with chain length r chosen to be
unity. Distributions are normalized in a logarithm scale with
the area under each curve equal to a sol fraction. The solid
lines are the results of eqs 22-24, which takes into account
chain-length-dependent termination. The parameters for the
chain-length-dependence function, eq 21, are as follows: rc )
1, R ) 2, ε0 ) 10-3. The densities of cross-linkage, x, are 0.25,
0.5, and 0.75. The dotted lines are the results of Saito’s
equation, eq 18 or 19, which does not consider chain-length-
dependent termination. The chain-length-dependent termina-
tion shows a strong effect on the distribution shape and
magnitude.
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average should possess half a cross-linkage (i.e., one
branching point) at the gel point. When the termination
becomes chain-length dependent, the mechanism in-
volved in radical termination becomes nonrandom.
Radicals are no longer identical in terms of the termina-
tion reactivity. Those radicals associated with short
chains are more active. The rates of termination events
with respect to chain lengths are in the order of short-
short > short-long > long-long. Since the favored
short-short chain combination does not make a suf-
ficient contribution to the molecular weight buildup, the
chain-length-dependent termination always delays the
gel point. The magnitude of discrepancies from the
random process strongly depends on the three param-
eters of the chain-length dependence function, eqs 10
and 21. Figure 3 presents the values of xgel versus R,
rc, and ε0, respectively. The differences become minor
with a decrease in R and/or an increase in rc and ε0.
Gel/Sol Fraction. Figure 4A shows the weight

fraction of polymer chains that belong to a gel molecule
wg. In the case of random cross-linking, the gel fraction
increases with the density of cross-linkage in a smooth
manner. With chain-length-dependent termination, the
development appears to be rather abrupt. Gel forma-
tion is delayed but the gel growth rate is significantly
accelerated. The discrepancies are found to be greatest
in the vicinity of the gel points. These fractions tend
to merge at high cross-link densities. These features
are more dramatic in the radical population as shown
in Figure 4B. The number fraction of radicals attached
onto the gel structure, y0

g () 1 - y0
s), increases almost

instantaneously at the gel point. In the postgel regime,
few radicals are associated with sol polymers.
Figure 5 shows the parameter y0

s,ε, defined by eq 12,
versus the cross-link density x. For random cross-
linking, y0

s,ε ) y0
s. The chain-length-dependent termi-

nation significantly reduces the value of y0
s,ε. The order

of magnitude of y0
s,ε drops dramatically in the vicinity

of gel point. It appears that its postgel value is mainly
determined by ε0, while the pregel value depends on R.

Conclusion
Chain-length-dependent diffusion-controlled termina-

tion is an important feature in free-radical polymer
modification with cross-linking. It is of fundamental
importance to investigate the possible effect of this
reaction on the molecular weight development and
gelation behavior of the system. A general model of
molecular weight distribution, eqs 22-24, has been
proposed to accomplish this objective. The model gen-

A

B

Figure 2. Molecular weight development during polymer
modification with cross-linking. The solid lines take into
account the effect of chain-length-dependent termination, eqs
22-24, while the dotted lines are the results of Saito’s
equation, eqs 18 and 19. The parameters for the chain-length
dependence function, eq 21, are the same as Figure 1. (A)
Number-, weight-, and z-average chain lengths, rjN, rjW, rjZ of
polymers versus the density of cross-linkage. The average
chain lengths of higher order, rjW and rjZ, diverges when the
reaction system approaches the gel point, while the number-
average remains finite. (B) Number- and weight-average
chain lengths, rjN

• , rjW
• , of radical chains. For the radical

population, the number-average chain length also diverges at
the gel point.

A

B

C

Figure 3. Prediction of the gel point. xgel is the density of
cross-linkage at the gel point, equivalently the number of cross-
linkages per primary chain in the case of a uniform initial
distribution. It is well established that the value of xgel equal
0.5 for a random cross-linking system,4-6 eq 21. The chain-
length-dependent termination always delays the gel point. The
magnitude of discrepancies depends on the three parameters
of the function (rc/r)R + ε0: (A) xgel versus R with rc ) 1 and ε0
) 10-3, (B) xgel versus rc with R ) 2 and ε0 ) 10-3, (C) xgel versus
ε0 with R ) 2 and rc ) 1. The differences become minor with
decrease of R and/or increase of rc and ε0.
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eralizes Saito’s equation of random cross-linking; it
reduces to Saito’s equation when the termination be-
comes chain-length independent. A simple chain-length-
dependence function, eq 21, is introduced into the
scheme. The numerical simulation with a uniform
initial distribution shows that the chain-length-depend-
ent termination delays the gel point but accelerates gel
growth. The level of deviation from Saito’s random

cross-linking depends on the three parameters of the
dependence function. It becomes more severe with an
increase in the exponential factor R and/or a decrease
in the critical chain length rc and the residue termina-
tion term ε0. The differences of chain properties be-
tween polymer and radical populations are also more
significant with fewer radical centers attached onto sol
polymer chains in the postgel regime.
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Figure 4. Sol/gel fractions. (A) Weight fraction of polymer
chains that belong to a gel molecule, wg, and (B) number
fraction of radicals associated with the gel structure, y0

g. The
parameters for the chain-length dependence function are as
follows: (square) rc ) 1, R ) 2, ε0 ) 10-3, (diamond) rc ) 1, R
) 1, ε0 ) 10-3, and (triangle) rc ) 1, R ) 2, ε0 ) 10-5. In
contrast to the random cross-linking process (circle), the gel
molecule appears at higher cross-link densities but develops
more rapidly. Radical centers are more inclined to be associ-
ated with the gel molecule than polymer mass.

Figure 5. y0
s,ε versus x. The parameter y0

s,ε is defined by eq
12. For the random cross-linking, it equals the number
fraction of sol radicals, y0

s. The chain-length-dependent ter-
mination significantly reduces the value of y0

s,ε. The order of
magnitude of y0

s,ε drops dramatically at the vicinity of gel
point. Its postgel value is mainly determined by ε0, while the
pregel value depends on R. The parameters for the chain-
length dependence function are the same as in Figure 4.
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